Abstract. A new approach is proposed for finding the "best cut" in 
Introduction

12
A hierarchy of image transforms, or of image operators, intuitively is a series of 13 progressive simplified versions of the said image. This hierarchical sequence is 14 also called a pyramid. In the particular case that we take up here, the image 15 transforms will always consist in segmentations, and lead to increasing partitions 16 of the space. Now, a multi-scale image description can rarely be considered as an 17 end in itself. It often requires to be completed by some operation that summarizes 18 the hierarchy into the "best cut" in a given sense. Two questions arise then, et al [5] , [5] and extended by J. Serra in [10] . In [9], the superlative "best", in
30
"best cut", is interpreted as the most accurate image simplification for a given 31 compression rate. We take up this Lagrangian approach again in the example of 32 section below. In [5] , the "best" cut requires linearity and affinity assumptions.
33
However, one can wonder whether these two hypotheses are the very cause affine, such as P. Soille's constraint connectivity [12] , or Zanoguerra's lasso based 38 segmentations [14] .
39
Our study is related to the ideas developed by P. Arbelaez et al [1] 
where π n is the partition {E} of E in a single class.
59
The partitions of a hierarchy may be represented by their classes, or by the 
63
Denote by S(H) the set of all classes S of all partitions involved in H. Clearly,
64
the descendants of each S form in turn a hierarchy H(S) of summit S, which is 65 included in the complete hierarchy H = H(E).
66 Fig. 2 . Left, hierarchical tree; right, the corresponding space structure. S1 and S2 are the nodes sons of E, and H(S1) and H(S1) are the associated sub-hierarchies. π1 and π2 are cuts of H(S1) and H(S1) respectively, and π1 π2 is a cut of E.
Cuts in a hierarchy
67
Any partition π of E whose classes are taken in S defines a cut in hierarchy H.
68
The set of all cuts of E is denoted by Π(E) = Π. Every "horizontal" section 69 π i (H) at level i is obviously a cut, but several levels can cooperate in a same cut, Π(E) of E, is one that minimizes ω, i.e. ω(π
The problem of unicity of optimum cut is not treated here (refer [11]).
82
Definition 2.
[10] Let π 1 and π 2 be two partial partitions of same support,
83
and π 0 be a partial partition disjoint from π 1 and π 2 . An energy
D(E), π 0 disjoint of π 1 and π 2 , we have
Implication (3) 
or the partition of S into a unique class, if and only if S is h-increasing (proof
The condition of h-increasingness (3) opens into a broad range of energies,
96
and is easy to check. It encompasses that of Mumford and Shah, the separable 97 energies of Guigues [5] [9], as well as energies composed by suprema [12] 98
[14], and many other ones [11] . Moreover, any weighted sum Σλ j ω j of h-
99
increasing energies with positive λ j is still h-increasing energies, as well as,
100
under some conditions, any supremum and infimum of h-increasing energies
101
[11]. The condition (3) yields a dynamic algorithm, due to Guigues, for finding 102 the optimum cut π * (H) in one pass [5] . supremum, and infimum, and indeed we can state:
111 Proposition 1. Let E be a set and ω : P(E) → R + an arbitrary energy defined 112 on P(E), and let π ∈ D(E) be a partial partition of classes {S i , 1 ≤ i ≤ n}.
113
Then the three extensions of ω to the partial partitions D(E) 
then we should obtain a nice progressive simplification of the optimum cuts. For
125
getting it, we need to combine h-increasingness with the supplementary axiom 126 (7) of scale increasingness, which results in the following climbing energies.
127
Definition 3. We call climbing energy any family {ω j , 1 ≤ j ≤ p} of energies 128 over Π which satisfies the three following axioms, valid for ω j , 1 ≤ j ≤ p and 129 for all π ∈ Π(S), S ∈ S
130
-i) each ω j is h-increasing,
131
-ii) each ω j admits a single optimum cutting,
132
-iii) the {ω j } are scale increasingness, i.e. for j ≤ k, each support S ∈ S and 133 each partition π ∈ Π(S), we have that
Axiom i) and ii) allow us to compare the same energy at two different levels, 135 whereas iii) compares two different energies at the same level. The relation (7) 136 means that, as j increases, the ω j 's preserve the sense of energetic differences 137 between the nodes of hierarchy H and their partial partitions. In particular, all 138 energies of the type ω j = jω are scale increasing.
139
The climbing energies satisfy the very nice property to order the optimum 140 cuts with respect to the parameter j:
141
Theorem 2. Let {ω j , 1 ≤ j ≤ p} be a family of energies, and let π j * (resp. 142 π k * ) be the optimum cut of hierarchy H according to the energy ω j (resp. ω k ).
143
The family {π j * ,1 ≤ j ≤ p} of the optimum cuts generates a unique hierarchy 144 H * of partitions, i.e. him multiscale energies. However, the core of the assumption (7) concerns the 151 propagation of energy through the scales (1...p), rather than affinity or linearity,
152
and allows non additive laws. In addition, the set of axioms of the climbing 153 energies 3 leads to an implementation simpler than that of [5] . 
Increasing binary energies
160
The simplest energies are the binary ones, which take values 1 and 0 only. We classes of π plus other ones, is an ordering. A binary energy ω such that for all
is obviously h-increasing, and conversely. Here are two examples of this type.
166
Large classes removal One wants to suppress the very small classes, considered 167 as noise, and also the largest ones, considered as not significant. Associate with 168 each S ∈ P(E) the energy ω k ( S ) = 0 when area(S) ≤ k, and ω k ( S ) = 1 when 169 not, and compose them by sum, π =
the energy of a partition equals the number of its classes whose areas are larger 171 than k. Then the class of the optimum cut at point x ∈ E is the larger class of 172 the hierarchy that contains x and has an area not greater than k. 
The coding cost for a frontier element is 2, which gives, for the whole
with 24 bits for m(S). We want to minimize ω µ (S), while preserving the cost.
192
According to Lagrange formalism, the total energy of class S is thus written 
